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Abstract
A canonical quantization for two dimensional gravity models, including
a dilaton gravity model, is performed in a way suitable for the light-cone
gauge. We extend the theory developed by Abdalla et.al.[1] and obtain
the correlation functions by using the screening charges of the symmetry
algebra. It turns out that the role of the cosmological constant term in
the Liouville theory is played by the screening charge of the symmetry
algebra and the resulting theory looks like a chiral part of the Liouville
theory or a non-critical open string theory. Moreover, we show that the
dilaton gravity theory has a symmetry realized by the centrally extended
Poincare´ algebra instead of the SL(2,R) Kac-Moody algebra which is a
symmetry of an ordinary two dimensional gravity theory.
1 Introduction
Since Polyakov and his collaborators solved the two dimensional quantum gravity theory in
the continuum approach[2], the SL(2,R) symmetry of the two dimensional quantum gravity
theory has played an important role. Although this symmetry is transparent in the light-
cone gauge, remarkable progress has been made in the conformal gauge based on the results
of papers [3]. For example, correlation functions have been calculated by the path integral
formalism in the conformal gauge [4]. However, it would be better to know what happens in
the canonical formalism in the light-cone gauge. In this paper we will investigate a canonical
formalism of the two dimensional gravity theory including the dilaton gravity theory in a
gauge independent way1 which has been developed by Abdalla et.al. [1]. We will show that
in the case of the dilaton gravity theory [5], the residual symmetry is represented by the Kac-
Moody version of the centrally extended Poincare´ algebra instead of the SL(2,R) ⊗ U(1)
Kac-Moody algebra. The action we will investigate is
S = −
∫
Σ
d2x
√
−det(g)
(
α
2
gµν∂µφ∂νφ+ βφR[g] + Λ0 +
1
2
N∑
i=1
gµν∂µφ
i∂νφ
i
)
, (1)
where φ and φi (i = 1, . . . , N) are scalar fields, g is the metric and R[g] is the scalar curvature
constructed from g. Σ is the space-time on which these fields are defined. For simplicity,
we assume the space-time Σ is a cylinder with the coordinate system (x0, x1), where x0 is
a time coordinate which takes any real value, while x1 is a spatial one with values lying
between −π and π. The action (1) contains three parameters, α, β and Λ0, where Λ0 is a
cosmological constant. We assume β 6= 0 in this paper. The case α = 0 corresponds to the
two dimensional dilaton gravity theory, because the CGHS action [5]
SCGHS =
∫
d2x
√
−det(g)
[
e−2Φ (R[g] + 4gµν∂µΦ∂νΦ− Λ0)− 1
2
N∑
i=1
gµν∂µφ
i∂νφ
i
]
(2)
turns out to be a special case of (1) with α = 0 and β = 1 if we define φ = − e−2Φ and
gµν = e
−2Φgµν . On the other hand, the case α 6= 0 corresponds to the usual two dimensional
gravity theory coupled to scalar fields, one of which has a background charge. So, we will call
the theory (1) with α = 0 the dilaton gravity theory and the one with α 6= 0 the SL(2,R)
gravity theory. The reason why we have used the term “SL(2,R)” will become clear in the
following sections. After we quantize the theory, we will calculate correlation functions for
“tachyons”2. It turns out that the screening charges of the symmetry algebra play the role
of the cosmological constant terms in the conformal gauge when one computes correlation
functions.
1 But this method is suitable for the light-cone gauge.
2 As will be explained, “tachyons” in this paper may not correspond to tachyons in the conformal gauge
theory.
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2 Classical Theory
The action (1) can be written as
S =
∫
Σ
d2x(−det(g))− 12
[
α
2
{
g11 (∂0φ)
2 + g00 (∂1φ)
2 − 2g01∂0φ∂1φ
}
+ Λ0 det(g)
+β
{
∂0φ∂0g11 + ∂1φ∂1g00 − 2∂0φ∂1g01 + g01
g11
(∂0φ∂1g11 − ∂1φ∂0g11)
}
+
1
2
N∑
i=1
{
g11
(
∂0φ
i
)2
+ g00
(
∂1φ
i
)2 − 2g01∂0φi∂1φi
}]
+ (surface term). (3)
If we assume x0 is the “time”, the Lagrangian does not contain “velocities” of the g00 and g01
components. Therefore they are Lagrange multipliers. This fact means that the canonical
momenta for g00 and g01 become zero, reflecting the gauge invariance of the theory. After
the gauge is fixed, the Hamiltonian becomes as follows:
H =
∮
dx1


√
−det(g)
g11
G0 +
g01
g11
G1

+ (surface term), (4)
where
G0 =
α
2
(∂1φ)
2 − α
2β2
(
g11p
11
)2
+
1
β
g11p
11π + β
∂1g11
g11
∂1φ− 2β∂21φ+ g11Λ0
+
1
2
N∑
i=1
{
(πi)
2 +
(
∂1φ
i
)2}
, (5)
G1 = π∂1φ− p11∂1g11 − 2g11∂1p11 +
N∑
i=1
πi∂1φ
i. (6)
It is easy to see that G0 and G1 are secondary constraints and there are no more constraints.
Note that since the Hamiltonian is a linear combination of constraints, all physical observ-
ables do not evolve as time goes by. The two secondary constraints obtained above generate
diffeomorphism transformations. In fact, T± = 12 (G0 ±G1) obey Virasoro algebras
{
T±(x
1) , T±(x
1′)
}
P.B.
= ±
(
T±(x
1) + T±(x
1′)
)
∂1δ(x
1 − x1′). (7)
The equation (7) also means that G0 and G1 are first class constraints.
We introduce new phase space variables which are very useful when we quantize the
theory. The change of variables is divided in two steps. First, let us define
χ ≡ 4β2g11, ω ≡ 1
4β2
(
p11 − β∂1φ
g11
)
, P 0S ≡ π + β
∂1g11
g11
, P 1S ≡ ∂1φ, (8)
2
P±i ≡
1√
2
(
πi ± ∂1φi
)
(i = 1, . . . , N). (9)
Secondly, following [1], we define the following fields,
J+ ≡ 1
2g11
(G1 −G0) + Λ0
2
= αχω2 − 2βω
(
P 0S − αP 1S
)
− 4β2∂1ω − 2β
2
χ
N∑
i=1
(
P−i
)2
, (10)
J0 ≡ χω + γ
(
P 0S + αP
1
S
)
+ 2βP 1S , J
− ≡ χ, PS ≡ P 0S + αP 1S , (11)
where we have introduced a free parameter γ for later use. The most remarkable thing about
the above definition is that it resembles the Wakimoto construction for the SL(2,R) algebra
[6] except for the last term of J+. But it turns out that this difference does not matter. In
fact, the Poisson brackets of these variables are{
J0(x1) , J±(x1
′
)
}
P.B.
= ±J±(x1)δ(x1 − x1′), (12){
J+(x1) , J−(x1
′
)
}
P.B.
= −2
(
αJ0(x1)− (β + αγ)PS(x1)
)
δ(x1 − x1′)
+4β2∂1δ(x
1 − x1′), (13){
J0(x1) , J0(x1
′
)
}
P.B.
= 2γ(2β + αγ)∂1δ(x
1 − x1′), (14){
J0(x1) , PS(x
1′)
}
P.B.
= 2(β + αγ)∂1δ(x
1 − x1′), (15){
PS(x
1) , PS(x
1′)
}
P.B.
= 2α∂1δ(x
1 − x1′), (16)
and the other brackets are zero. In the case α 6= 0, we can put γ = −β
α
and (12) – (16) become
the commutation relations for the SL(2,R)⊗U(1) Kac-Moody algebra. On the other hand,
if α = 0, then those brackets form the Kac-Moody version of the centrally extended Poincare´
algebra [9]. In this case the simplest choice for γ is γ = 0. We call these current-like new
phase space variables SL(2,R) variables for brevity. In the light-cone gauge, which is defined
by the gauge fixing condition g00 = 0 and g01 = −1, it turns out that the SL(2,R) variables
are the generators of the residual symmetry [7].
As for the Poisson brackets of SL(2,R) variables and matter ones, all brackets are zero
except for
{
J+(x1) , P−i (x
1′)
}
P.B.
= 4β2
P−i (x
1)
J−(x1)
∂1δ(x
1 − x1′) (i = 1, . . . , N). (17)
This fact causes difficulties when we quantize the theory because the inverse of the operator
J− must be taken into account. However, if we put the non-zero modes of P−i to be zero,
the Dirac bracket for J+ and P−i vanishes. In this sense we will deal with “chiral” matter
in this paper.
3
Before embarking on the quantization of the theory, we must construct the BRST charge.
To do that we will employ the so-called BFV methods ([8] is a good review for this theory).
According to them the BRST charge is constructed from the first class constraints and their
structure constants. Since we obtained two first class constraints, G0 and G1, it is natural
to use them. However, we can also choose linear combinations of them which have forms
easy to deal with, namely,
J+ − Λ0
2
=
1
2g11
(G1 −G0) ≈ 0, TG + T+M = G1 ≈ 0, (18)
where
TG =
1
4β2
(
J−J+ − α
(
J0
)2)− ∂1J0 + β + αγ
2β2
J0PS − γ(2β + αγ)
4β2
(PS)
2 + γ∂1PS, (19)
T+M =
1
2
N∑
i=1
(P+i )
2. (20)
TG is nothing but the Sugawara form for the SL(2,R) ⊗ U(1) Kac-Moody algebra (in the
case α 6= 0) or the Kac-Moody version of the centrally extended Poincare´ algebra (in the
case α = 0) with twisted terms, namely derivative terms for J0 and PS. The BRST charge
constructed from (18) by BFV method is
Q =
∮
dx1
{
c+
(
J+ − Λ0
2
)
+ c
(
TG + T
+
M
)
+ cc+ ∂1b
+ − bc∂1c
}
, (21)
where b, c, b+ and c+ are fermionic ghost fields.
3 Quantization
In this section we will quantize the system respecting the diffeomorphism symmetry of the
classical theory. Since the “space” is a circle, we can decompose the fields into Fourier
components,
J±,0(x1) =
1
2π
∑
n∈Z
J±,0n e
−√−1nx1 , PS(x
1) =
ζ
2π
∑
n∈Z
aSn e
−√−1nx1, (22)
P+i (x
1) =
1√
2π
∑
n∈Z
ain e
−√−1nx1 (i = 1, . . . , N), (23)
b(x1) =
√−1
2π
∑
n∈Z
bn e
−√−1nx1, c(x1) =
∑
n∈Z
cn e
−√−1nx1, (24)
4
b+(x1) =
√−1
2π
∑
n∈Z
b+n e
−√−1nx1, c+(x1) =
∑
n∈Z
c+n e
−√−1nx1, (25)
TG(x
1) =
1
2π
∑
n∈Z
LGn e
−√−1nx1, T+M(x
1) =
1
2π
∑
n∈Z
LMn e
−√−1nx1 , (26)
where we have introduced an undetermined normalization constant ζ and
LMm =
1
2
N∑
i=1
∑
n∈Z
: aim−na
i
n : (27)
are the Virasoro generators for the matter sector with the central charge cM = N . The
normal ordering symbol(: :) means that non-negative modes are to the right of negative
ones with respect to its arguments. Since real variables in the classical theory become
Hermitian operators in the quantum theory, the Hermiticity relations turn out to be that
J±,0m
†
= J±,0−m, aim
†
= ai−m, bm
† = b−m, cm† = c−m, b+m
†
= b+−m, c
+
m
†
= c+−m, L
G
m
†
= LG−m
and LMm
†
= LM−m, while the Hermiticity relations for a
S
m depend upon ζ . The conventional
quantization procedure requires that Poisson brackets must be replaced by commutators
multiplied by −√−1 . We apply this procedure for P+i , b, c, b+ and c+.[
aim , a
j
n
]
= mδijδm+n,0 (i, j = 1, . . . , N) (28)
{bm , cn} = {cm , bn} =
{
b+m , c
+
n
}
=
{
c+m , b
+
n
}
= δm+n,0. (29)
As for the Poisson bracket algebra (12) – (16), we assume that these algebraic relations are
preserved also in the quantum theory except for the possible renormalization of c-number
“anomaly” terms, namely,[
J0m , J
±
n
]
= ±√−1 J±m+n, (30)[
J+m , J
−
n
]
= −2√−1
(
αJ0m+n − (β + αγ)ζaSm+n
)
− 2 (κα− κ′(β + αγ))mδm+n,0, (31)[
J0m , J
0
n
]
= κmδm+n,0,
[
J0m , a
S
n
]
=
κ′
ζ
mδm+n,0,
[
aSm , a
S
n
]
=
4πα
ζ2
mδm+n,0 (32)
with
4πα(β + αγ) = ακ′, (33)
where κ and κ′ are unknown parameters. The equation (33) is one of the conditions to make
Jacobi identities hold. We will study the case α 6= 0 and the case α = 0 separately.
In the case where α 6= 0, if we put γ = −β
α
and ζ =
√
4πα, then κ′ = 0 from (33).
Consequently, the non-trivial commutation relations become[
J0m , J
±
n
]
= ±√−1 J±m+n,
[
J+m , J
−
n
]
= −2√−1 J0m+n + kmδm+n,0, (34)[
J0m , J
0
n
]
= −k
2
mδm+n,0,
[
aSm , a
S
n
]
= mδm+n,0, (35)
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where k = −2κ and J−m is replaced by αJ−m. This algebra is the SL(2,R) ⊗ U(1) Kac-
Moody algebra. Next, we will construct TG from SL(2,R) variables as in (19). Recall that
classical TG is the generator of the spatial diffeomorphism in the gravity sector. Since we
respect the diffeomorphism symmetry, Poisson brackets for TG and the SL(2,R) variables
are replaced by commutators with the same structure constants taking into account some
possible c-number renormalizations. We know that the Fourier components of the required
TG become
LGm =
1
k + 2
∑
n∈Z
(
1
2
: J−m−nJ
+
n : +
1
2
: J+m−nJ
−
n : − : J0m−nJ0n :
)
+
√−1mJ0m
+
1
2
∑
n∈Z
: aSm−na
S
n : +
√−1mQSaSm +
(
QS
2
2
− k
4
)
δm,0, (36)
where QS =
β√
πα
. It is a well-known fact that the generators for the SL(2,R) Kac-Moody
algebra can be expressed by free fields [6] such that
J+m = βm, J
0
m = −
√−1 ∑
n∈Z
: βm−nγn : +
√−1 ξaCm −
√−1
2
δm,0, (37)
J−m = −
∑
n,l∈Z
: βm−n−lγnγl : +2ξ
∑
n∈Z
: γm−na
C
n : −(1 + km)γm, (38)
where ξ2 = 1 + k
2
and the canonical commutation relations for the β, γ and aC fields are
[βm , γn] = δm+n,0 and
[
aCm , a
C
n
]
= mδm+n,0. The normal ordering for β and γ zero modes
is defined such that : β0γ0 : = γ0β0 and the Hermiticity relations become βm
† = β−m,
γm
† = −γ−m and aCm† = −aC−m (aC−m) if k + 2 > 0 (k + 2 < 0).
In the case where α = 0, if we put ζ = κ′ and redefine J0m → J0m+ ζκ2κ′aSm, then (30) – (32)
become [
J0m , J
±
n
]
= ±√−1 J±m+n,
[
J+m , J
−
n
]
=
√−1 aSm+n +mδm+n,0, (39)[
J0m , a
S
n
]
= mδm+n,0, (40)
where we have replaced J−m by 2βκ
′J−m. This algebra is the Kac-Moody version of the
centrally extended Poincare´ algebra. Next, we must determine quantum TG expressed by
SL(2,R) variables. In the case of the SL(2,R) gravity, TG is nothing but the Sugawara
form for the SL(2,R) Kac-Moody algebra with twisted term. In general, for a Kac-Moody
algebra associated with a semi-simple Lie algebra, the Sugawara form can be constructed if
one knows the Killing form of the Lie algebra. In the present case, the associated Lie algebra
is the centrally extended Poincare´ algebra which is not semi-simple and its Killing form is
degenerate. However, fortunately there is a bilinear form on the centrally extended Poincare´
6
algebra which has the same property as the Killing form and is not degenerate [9]. Using
this bilinear form we can construct TG whose Fourier components are
LGm =
∑
n∈Z
(
1
2
: J−m−nJ
+
n : +
1
2
: J+m−nJ
−
n : + : J
0
m−na
S
n :
)
+
√−1mJ0m
+
1
2
∑
n∈Z
: aSm−na
S
n : +
√−1mQSaSm +QSδm,0, (41)
where QS is a real free parameter. There exists a free field representation for SL(2,R)
variables also in the case of the dilaton gravity theory, namely,
J+m = βm, J
0
m = −
√−1 ∑
n∈Z
: βm−nγn : +a
C
m −
1
2
aSm −
√−1
2
δm,0, (42)
J−m =
√−1 ∑
n∈Z
: γm−na
S
n : −mγm, (43)
with canonical commutation relations, [βm , γn] = δm+n,0 and
[
aCm , a
S
n
]
= mδm+n,0.
LGm expressed by free fields has the same form in both the SL(2,R) gravity theory and
the dilaton gravity theory, namely,
LGm =
∑
n∈Z
(m+ n) : γ−nβm+n :
+
1
2
∑
n∈Z
: aDm−na
D
n : +
√−1 (m+ 1)QDaDm +
1
2
∑
n∈Z
: aLm−na
L
n : +(m+ 1)QLa
L
m, (44)
where
QD ≡
{
QS ( SL(2,R) Gravity )
1√
2
(QS + 1) ( Dilaton Gravity )
, (45)
QL ≡
{ 1
2ξ
− ξ ( SL(2,R) Gravity )
1√
2
(QS − 1) ( Dilaton Gravity ) , (46)
aDm ≡
{
aSm −
√−1QDδm,0 ( SL(2,R) Gravity )
1√
2
(
aSm + a
C
m
)
−√−1QDδm,0 ( Dilaton Gravity ) , (47)
aLm ≡
{
aCm −QLδm,0 ( SL(2,R) Gravity )√−1√
2
(
aSm − aCm
)
−QLδm,0 ( Dilaton Gravity ) . (48)
The condition QD −QL =
√
2 distinguishes the dilaton gravity theory.
The quantum BRST charge Q and the total Virasoro generator Lm are defined as follows:
Q =
∑
n∈Z
: c+−n (βn − Λδn,0) : +
∑
n∈Z
: c−n
(
LGn + L
M
n + L
gh+
n
)
:
7
−1
2
∑
m,n∈Z
(m− n) : c−mc−nbm+n : −c0, (49)
Lm ≡ {Q , bm} = LGm + LMm + Lgh+m + Lghm , (50)
where
Lgh+m =
∑
n∈Z
(m+ n) : c+−nb
+
m+n : , L
gh
m =
∑
n∈Z
(m− n) : bm+nc−n : −δm,0 (51)
are the Virasoro generators for b+c+ and bc ghosts respectively with the central charges
cgh+ = −2 and cgh = −26. The normal ordering for b+c+ and bc ghost zero modes is defined
such that : b+0 c
+
0 : = −c+0 b+0 and : b0c0 : = −c0b0. In the above definition for the quantum
BRST charge (49), we replaced πΛ0 by Λ taking into account a possible renormalization
for the cosmological constant. It is easy to check that the BRST charge defined by (49) is
nilpotent if and only if the total central charge vanishes, namely,
Q2D −Q2L = 2−
N
12
. (52)
4 Correlation Functions
An observable is an Hermitian operator whose commutator with the BRST charge vanishes.
Here, we will give some examples of observables. First, we introduce a vertex operator which
is defined such that
V (~p)(x1) ≡ : e
√−1 ~p·(~φ(x1)+~pQx1) : = e
√−1 ~p·~φ−(x1) e
√−1 ~p·~φ+(x1) e
√−1 ~p·(~q+(~a0+~pQ)x1), (53)
where ~pQ =
(
pLQ, p
D
Q , p
1
Q, . . . , p
N
Q
)
≡
(
QL,
√−1QD, 0, . . . , 0
)
and the components of ~φ(x1) are
φI(x1) ≡ qI + aI0x1 +
√−1 ∑
n 6=0
aIn
n
e−
√−1nx1 (I = D,L, 1, . . . , N). (54)
In equation (53) we have defined that φI+(x
1)(φI−(x
1)) is the positive(negative) frequency
mode part of φI(x1), and qD, qL and qi are canonical conjugate operators for a
D
0 , a
L
0 and
ai0 respectively, which satisfy
[
qI , a
J
0
]
=
√−1 δJI . Note that V (~p)(x1) is Hermitian when the
exponents of the normal ordered exponential functions are Hermitian. Therefore V (~p)(x1) is
a candidate for an observable. To see the condition that V (~p)(x1), or something made from
8
V (~p)(x1), becomes an observable, we must calculate the commutator of V (~p)(x1) with the
BRST charge, which becomes
[
Q , V (~p)(x1)
]
= −√−1 ∂1W (~p)(x1)−
√−1 (h(~p)− 1) ∂1c(x1)V (~p)(x1), (55)
where W (~p)(x1) ≡ c(x1)V (~p)(x1) and h(~p) ≡ 1
2
~p · ~p+ ~p · ~pQ is the conformal weight of V (~p)(x1)
with respect to the total Virasoro algebra. Therefore if h(~p) = 1, the integral of V (~p)(x1)
with respect to x1 is an observable if V (~p)(x1) takes the same values both at the beginning
and the end point of the integral contour. We will call V (~p)(x1) with the conformal weight
1 a tachyon vertex operator3. Under the condition h(~p) = 1, W (~p)(x1) also becomes an
observable. The following operator is also an observable.
ψ(x1) = β(x1)V (~pψ)(x1), (56)
where β(x1) = 1
2π
∑
n∈Z βn e
−√−1nx1 and
~pψ =
(
pLψ, p
D
ψ , p
1
ψ, . . . , p
N
ψ
)
≡


(
−1
ξ
, 0, 0, . . . , 0
)
( SL(2,R) Gravity )(
− 1√
2
,−
√−1√
2
, 0, . . . , 0
)
( Dilaton Gravity )
. (57)
As is easily checked, the commutators of ψ(x1) and the generators of the SL(2,R) Kac-
Moody algebra or the Kac-Moody version of the centrally extended Poincare´ algebra become
zero or total derivatives. Therefore ψ(x1) can be considered as a screening current of these
algebras [10] and the integral of ψ(x1) is an observable. Note that the forms of screening
currents are similar to the integrands of the cosmological constant terms in both the Liouville
theory [3] and the dilaton gravity theory [11]. In fact, as will be shown in the following,
the integrals of these screening currents play the role of cosmological constant terms in
correlation functions [4].
The r + 3 point correlation function for tachyons are defined as follows:
Z (~pa, ~pb, ~pc, ~p1, . . . , ~pr; s) = 〈 0;SL(2,C) | b+0 δ(β0 − Λ)W (~pa)(x1a)
×W (~pb)(x1b)W (~pc)(x1c)

 r∏
j=1
∫
Cj
dx1jV
(~pj)(x1j )


[
s∏
k=1
∫
Sk
dx1kψ(x
1
k)
]
| 0;SL(2,C) 〉 , (58)
where | 0;SL(2,C) 〉 is called the SL(2,C) vacuum defined by the following conditions,
aIm | 0;SL(2,C) 〉 = 0 (I = D,L, 1, . . . , N) (m ≥ 0), (59)
3 As we shall see in the following, V (~p)(x1) is not a tachyon vertex operator in the Liouville theory,
although it looks like a chiral component of one. But we will use this term for simplicity.
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βm | 0;SL(2,C) 〉 = b+m | 0;SL(2,C) 〉 = 0 (m ≥ 1), (60)
γm | 0;SL(2,C) 〉 = c+m | 0;SL(2,C) 〉 = 0 (m ≥ 0), (61)
bm | 0;SL(2,C) 〉 = 0 (m ≥ −1), cm | 0;SL(2,C) 〉 = 0 (m ≥ 2). (62)
The name of the SL(2,C) vacuum comes from the fact that this vacuum vanishes upon
operation of the Virasoro generators L−1, L0 and L1 which are the generators for Mo¨bius
transformations in conformal field theories. The reason why we bring up the SL(2,C) vac-
uum is that it is a physical state; namely, is annihilated by the BRST charge. Note that if
h(~p) = 1, | ~p 〉 = ∮ dx1W (~p)(x1)b+0 δ(β0−Λ) | 0;SL(2,C) 〉 is also a physical state which we will
call a Fock vacuum. Since W (~p)(x1) is independent of its position in a correlation function of
observables, 〈 0;SL(2,C) | b+0 δ(β0 − Λ)W (~pa)(x1a) in (58) can be considered as the bra corre-
sponding to the Fock vacuum | ~pa 〉. We inserted s screening charges and three W (~p)(x1)’s in
equation (58). If the number of the inserted W (~p)(x1)’s is not three, the correlation function
vanishes identically because of the contribution from bc ghosts4. The correlation function
defined above may become singular because the operator product V (~p1)(x11)V
(~p2)(x12) may be
singular at x11 = x
1
2. Therefore we must regularize it. We employ the analytic continuation
for the regularization scheme; in practice, we analytically continue the coordinates of the
operators z ≡ e
√−1x1 from the unit circle to the whole complex plane such that the absolute
values of the z’s become smaller from left to right; for example, |zj | > |zk| for j < k, where
zj = e
√−1x1
j . Under the regularization scheme stated above and the mass shell conditions,
h(~pa) = h(~pb) = h(~pc) = h(~p1) = · · · = h(~pr) = h(~pψ) = 1, we obtain the following form for
the correlation function,
Z (~pa, ~pb, ~pc, ~p1, . . . , ~pr; s) = 〈 0;SL(2,C) | c0c−1 |~v 〉A (~pa, ~pb, ~pc, ~p1, . . . , ~pr; s) , (63)
where ~v = ~pa + ~pb + ~pc +
∑r
j=1 ~pj + s~pψ. Note that 〈 0;SL(2,C) | c0c−1 |~v 〉 = δ (~v + 2~pQ)
×〈 0;SL(2,C) | c0c−1 | −2~pQ 〉, where the delta function ensures the momentum conserva-
tion and 〈 0;SL(2,C) | c0c−1 | −2~pQ 〉 is considered as the vacuum to vacuum amplitude, by
which the correlation function must be divided. The amplitude A (~pa, ~pb, ~pc, ~p1, . . . , ~pr; s) in
equation (63) can be written in the following form,
A (~pa, ~pb, ~pc, ~p1, . . . , ~pr; s) =
(
Λ
2π
)s
(−√−1 )r+s
r∏
j=1
∫
Cj
dzj
s∏
k=1
∫
Sk
dwk
×

 r∏
j=1
zj
~pa·~pj(zj − 1)~pb·~pj


[
s∏
k=1
wk
~pa·~pψ(wk − 1)~pb·~pψ
]
×

 r∏
i<j
(zi − zj)~pi·~pj



 s∏
j<k
(wj − wk)~pψ·~pψ



 r∏
j=1
s∏
k=1
(zj − wk)~pψ·~pj

 . (64)
4 In the path integral language, these three c ghosts are needed to cancel the Grassmann integrals of c
ghost zero modes which correspond to conformal Killing vectors.
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The paths of integrations are divided into three groups. The paths which belong to the
first group start from 1 and end at ∞. The paths which belong to the second group start
from 0 and end at 1. The paths which belong to the third group start from∞ and end at 0.
C1, . . . , Cr1 and S1, . . . , Sl belong to the first group while Cr1+1, . . . , Cr1+r2 and Sl+1, . . . , Sl+m
belong to the second group and Cr1+r2+1, . . . , Cr1+r2+r3 and Sl+m+1, . . . , Sl+m+n belong to the
third group, where r1+ r2+ r3 = r and l+m+n = s. Moreover, in each of the three groups,
the Sk’s lie above the Cj’s and Cj(Sj) lies above Ci(Si) if i < j.
When r = 0, we can perform the integral of (64) using the formula of [12]. The result is
as follows:
A (~pa, ~pb, ~pc; s) =
(
Λ
2π
√−1
)s
e
√−1πθJl,m,n(α, β; ρ), (65)
where e
√−1πθ is an irrelevant phase factor and Jl,m,n(α, β; ρ) in (65) is defined as follows:
Jl,m,n(α, β; ρ) =
s∏
k=1
Γ (1− ρ)
Γ (1− kρ)
×
l∏
k=1
1
Γ (−α− (s− k)ρ)
m∏
k=1
1
Γ (−γ − (s− k)ρ)
n∏
k=1
1
Γ (−β − (s− k)ρ)
×
m+n∏
k=1
Γ (1 + α+ (k − 1)ρ)
n+l∏
k=1
Γ (1 + γ + (k − 1)ρ)
l+m∏
k=1
Γ (1 + β + (k − 1)ρ) , (66)
where α = ~pψ · ~pa, β = ~pψ · ~pb, ρ = 12~pψ · ~pψ and γ = −2− α− β − 2(s− 1)ρ = ~pψ · ~pc.
As an immediate example of a correlation function, we will calculate the three point
function for the dilaton gravity theory. In this case, owing to the fact ρ = 1
2
~pψ · ~pψ = 0, the
amplitude becomes much simpler;
A (~pa, ~pb, ~pc; s) = e
√−1πθ
( √−1Λ
2Γ (−~pa · ~pψ) Γ (−~pb · ~pψ) Γ (−~pc · ~pψ)
)s
× 1
(sin (π~pa · ~pψ))l (sin (π~pc · ~pψ))m (sin (π~pb · ~pψ))n
. (67)
Compared with the results of [11], our amplitude seems to be a chiral part of theirs.
In the rest of this section, we will study correlation functions without matter (i .e.N = 0).
For this purpose, we will introduce the notion of chirality. The solutions of the mass shell
condition h(~p) = 1 have simple forms in this case; namely, pL = ±√−1 (pD+√−1QD)−QL.
We will say that the momentum with a plus(minus) sign has positive(negative) chirality and
write it as ~p+(~p−). And the chiralities of a set of momenta (~pa, ~pb, ~pc, ~p1, . . . , ~pr) is denoted by,
for example, (−,+,+,+, . . . ,+) if the chirality of the momenta ~pb, ~pc, ~p1, . . . , ~pr are positive
and that of ~pa is negative. Since we already know the general three point function for the
dilaton gravity theory, we will investigate three point functions for the SL(2,R) gravity
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theory without matter. It is easy to show that the amplitudes with chirality (+,+,+)
and (−,−,−) vanish. Therefore we will study the amplitudes with chirality (+,+,−) and
(−,−,+). The amplitudes with other chiralities are obtained from these amplitudes owing
to the symmetry of the amplitudes. When the chirality is (+,+,−), α+ β = −1 + (2− s)ρ
and γ = −1 − sρ. Therefore Jl,m,n(α, β; ρ) becomes as follows:
Jl,m,n(α, β; ρ) =
−π (Γ (−ρ))s
Γ
(
1 + 1
2
~pa · ~pa
)
Γ
(
1 + 1
2
~pb · ~pb
)
Γ
(
1 + 1
2
~pc · ~pc
)
× 1
sin
[
π
(
1
2
~pa · ~pa + nρ
)] m∏
k=1
sin(πkρ)
sin
[
π
(
1
2
~pa · ~pa + (k + n)ρ
)] . (68)
When the chirality is (−,−,+), α+ β = −2 + ρ(1− s) and γ = (1− s)ρ. It turns out that,
if m 6= 0, the amplitude vanishes. Therefore we assume m = 0.
Jl,0,n(α, β; ρ) =
(−1)n (Γ (−ρ))s
Γ
(
1 + 1
2
~pc · ~pc
) s∏
k=1
1
k − 1− 1
2
~pa · ~pa . (69)
These amplitudes seem to be those of open string theories [13].
5 Conclusions
In this paper we investigated a canonical formalism for the two dimensional quantum gravity
theory, formally, in a gauge independent way. Our method is useful at least in the light-
cone gauge. The resulting theory seems to be a chiral part of the Liouville theory, i.e.
the conformal gauge theory, or a non-critical open string theory reflecting the asymmetry
property of the light-cone gauge. However, to compare with the results of the conformal
gauge theory, it is necessary to investigate the correspondence between the two; for example,
we must know much about the correspondence between the “tachyon” vertex operators in
our theory and the tachyon vertex operators in the conformal gauge theory. The second
problem is that we discarded half of the dynamical degrees of freedom for the matter sector.
The theory including all the degree of freedom must be studied. In the presence of the degree
of freedom, which we discarded in this paper, the constraints we took in this paper are not
convenient. We tried to use some other constraints, but they do not seem to be suitable for
quantization.
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